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For a cardinal κ > 1, a space X = (X,T ) is κ-resolvable if X admits κ-many pairwise
disjoint T -dense subsets; (X,T ) is exactly κ-resolvable if it is κ-resolvable but not κ+-
resolvable.
The present paper complements and supplements the authors’ earlier work, which showed
for suitably restricted spaces (X,T ) and cardinals κ  λ ω that (X,T ), if κ-resolvable,
admits an expansion U ⊇ T , with (X,U) Tychonoff if (X,T ) is Tychonoff, such that (X,U)
is μ-resolvable for all μ < λ but is not λ-resolvable (cf. Comfort and Hu, 2010 [11, The-
orem 3.3]). Here the “ﬁnite case” is addressed. The authors show in ZFC for 1 < n < ω:
(a) every n-resolvable space (X,T ) admits an exactly n-resolvable expansion U ⊇ T ; (b) in
some cases, even with (X,T ) Tychonoff, no choice of U is available such that (X,U) is
regular (nor even quasi-regular); (c) if regular and n-resolvable, (X,T ) admits an exactly
n-resolvable regular expansion U if and only if either (X,T ) is itself exactly n-resolvable
or (X,T ) has a subspace which is either n-resolvable and nowhere dense or is (2n)-
resolvable. In particular, every ω-resolvable regular space admits an exactly n-resolvable
regular expansion. Further, for many familiar topological properties P (e.g., Tychonoff; has
a clopen basis), one may choose U so that (X,U) ∈ P if (X,T ) ∈ P.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Let κ > 1 be a (possibly ﬁnite) cardinal. Generalizing a concept introduced by Hewitt [18], Ceder [2] deﬁned a space
(X,T ) to be κ-resolvable if there is a family of κ-many pairwise disjoint nonempty subsets of X , each T -dense in X . Gen-
eralizations of this concept (for example: the dense sets are perhaps not pairwise disjoint, but have pairwise intersections
which are “small” in some sense; or, the dense sets are required to be Borel, or to be otherwise restricted), were introduced
and studied in subsequent decades, for example in [24,25,5,6,26].
We refer the reader to such works as [22,9,23,11] for extensive bibliographic references relating to the existence of
spaces, typically Tychonoff spaces, which satisfy certain prescribed resolvability properties but not others. The ﬂavor of
our work [11] is quite different from that of other papers known to us. In those papers, broadly speaking, the objective
is either (a) to ﬁnd conditions on a space suﬃcient to ensure some kind of resolvability or (b) to construct by ad hoc
means spaces which for certain inﬁnite cardinals λ are λ-resolvable (sometimes in a modiﬁed sense) but which are not
κ-resolvable for speciﬁed κ > λ. In [11], in contrast, a broader spectrum of results is enunciated. We showed there that the
tailor-made speciﬁc spaces constructed by those ad hoc arguments arise as instances of a widely available phenomenon, in
this sense: every Tychonoff space satisfying mild necessary conditions admits larger Tychonoff topologies as in (b) above.
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9]. Roughly speaking, the present work in the ﬁnite context parallels theorems (cf. [11] (especially Theorem 3.3)) about
κ-resolvability when κ is inﬁnite. Speciﬁcally we show for ﬁxed n < ω that every n-resolvable space admits an exactly
n-resolvable expansion. In some cases, even when the initial space is Tychonoff, the expansion cannot be chosen to be
quasi-regular. (See Deﬁnition 1.9 for the deﬁnition of this concept.) Further, we characterize explicitly those n-resolvable
regular spaces which do admit an exactly n-resolvable quasi-regular expansion (Theorem 3.9). It is a pleasing feature of
our arguments that for many familiar topological properties P, when the initial hypothesized space (X,T ) has P and does
admit an exactly n-resolvable quasi-regular expansion U , one may arrange also that (X,U) has P.
Ad hoc constructions of Tychonoff spaces which for ﬁxed n < ω are exactly n-resolvable have been available for some
time [12]; see also [3,14,13,17], and [16] for other examples, not all Tychonoff.
Remark 1.1. In a preliminary version of this paper circulated to colleagues in August, 2010, we purported to have proved the
statements claimed in our abstract [10] and [11, 5.4(**)]. We are grateful to an anonymous reader for indicating a simple
counterexample (see Theorem 3.7 below for a broad generalization of the suggested argument); that example helped us to
recognize the unavoidable relevance of the quasi-regularity property which ﬁgures prominently in this work, and to ﬁnd
the more delicate correct condition captured in Theorems 3.8 and 3.9 below.
We are grateful also to the referee of this paper for unusually thorough, careful and constructive comments. Among
other contributions, s/he (a) identiﬁed a telling conceptual error on our part; (b) clariﬁed, improved and even corrected
our choice of wording at certain points; and (c) drastically shortened our proof of Lemma 3.6, by showing that preliminary
consideration of a special case was unnecessary.
Following van Douwen [12], we call a space crowded if it has no isolated points. (Some authors prefer the term dense-in-
itself.) Obviously every resolvable space is crowded.
Deﬁnition 1.2. Let κ > 1 be a (possibly ﬁnite) cardinal and let X = (X,T ) be a space. Then
(a) X is hereditarily κ-irresolvable if no nonempty subspace of X is κ-resolvable in the inherited topology;
(b) X is hereditarily irresolvable if X is hereditarily 2-irresolvable; and
(c) X is open-hereditarily irresolvable if no nonempty open subspace of X is resolvable in the inherited topology.
Notation 1.3. (a) Let (X,T ) be a space and let Y ⊆ X . The symbol (Y ,T ) denotes the set Y with the topology inherited
from (X,T ).
(b) Given a set X and A⊆P(X), the smallest topology T on X such that T ⊇A is denoted T := 〈A〉.
It is proved in [4] that, in any space, the union of resolvable subsets is resolvable. The proof shows with minimal change
that, for κ > 1, in any space the union of κ-resolvable subsets is κ-resolvable. (See also in this connection [13].) The
following statement, included explicitly here at the suggestion of the referee, is then immediate.
Lemma 1.4. Let κ > 1 be a (possibly ﬁnite) cardinal, let X = (X,T ) be a space, and set
R = R(κ) :=
⋃{
S: (S,T ) is κ-resolvable}.
Then
(a) If R = ∅ then R is κ-resolvable;
(b) R is closed in (X,T ); and
(c) X\R is hereditarily κ-irresolvable.
Deﬁnition 1.5. Given κ > 1 and X = (X,T ) as in Lemma 1.4, the set R = R(κ) is the κ-resolvable hull of X .
Remark 1.6. It is obvious that for κ > 1 and X a space, one has:
(a) R = ∅ if and only if X is hereditarily κ-irresolvable; and
(b) (from Lemma 1.4) R = X if and only if X is κ-resolvable.
We say as usual that a topological property P is closed-hereditary [resp., open-hereditary; resp., dense-hereditary] if[
(X,T ) ∈ P, A ⊆ X, A closed [resp., open; resp., dense] in X] ⇒ (A,T ) ∈ P.
If, more generally, [(X,T ) ∈ P, A ⊆ X ] ⇒ (A,T ) ∈ P, then P is hereditary.
W.W. Comfort, W. Hu / Topology and its Applications 159 (2012) 3319–3326 3321Deﬁnition 1.7. Let P be a topological property.
(a) P is chain-closed if for each set X and each chain C of P-topologies on X , necessarily (X,⋃〈C〉) ∈ P.
(b) P is ⊕-closed if:[
(X0,T0) ∈ P, (X1,T1) ∈ P, X0 ∩ X1 = ∅
] ⇒ (X0,T0) ⊕ (X1,T1) ∈ P,
where (X0,T0) ⊕ (X1,T1) denotes the “disjoint union” or “topological sum” of the spaces (Xi,Ti).
(c) P persists under closed–open expansions if[
(X,T ) ∈ P, U := 〈T ∪ {A, X\A}〉, A closed in (X,T )] ⇒ (X,U) ∈ P;
(d) P persists under dense–dense expansions if[
(X,T ) ∈ P, U := 〈T ∪ {A, X\A}〉, A, X\A dense in (X,T )] ⇒ (X,U) ∈ P.
A property that persists under closed–open expansions [resp., under dense–dense expansions] is a (CO) [resp., a (DD)]
property.
We concatenate the symbols in Deﬁnition 1.7 in the obvious way. For example, a chain-closed, ⊕-closed, (CO) property
is referred to as a C⊕(CO) property.
We note some simple relations between some of the properties deﬁned.
Lemma 1.8. (a) An ⊕-closed, closed-hereditary, open-hereditary property is a (CO) property; and
(b) An ⊕-closed, dense-hereditary property is a (DD) property.
Proof. (a) Let (X,T ) ∈ P with P as hypothesized, let A be closed in (X,T ) and set W := 〈T ∪ {A, X\A}〉. Then (A,W) =
(A,T ) ∈ P and (X\A,W) = (X\A,T ) ∈ P, so (A,T ) ⊕ (X\A,T ) ∈ P. Since (A,W) and (X\A,W) are clopen in (X,W), the
spaces (X,W) and (A,W) ⊕ (X\A,W) are homeomorphic, and (a) follows.
The proof of (b) is similar. 
We follow Oxtoby [27] in adopting the terminology of this next deﬁnition; alternatively, the spaces in question might be
referred to as spaces with a regular-closed π -base. (We are grateful to Alan Dow and Jerry Vaughan for helpful correspon-
dence concerning these terms.)
Deﬁnition 1.9. A space (X,T ) is quasi-regular if for every nonempty U ∈ T there is a nonempty V ∈ T such that V ⊆
V (X,T ) ⊆ U .
The condition of quasi-regularity has the ﬂavor of a (very weak) separation condition. Clearly every regular space is
quasi-regular. We note that a quasi-regular space need not be a T1-space.
Remark 1.10. We make no attempt to compile a list of all topological properties which are chain-closed, or ⊕-closed, or
are (CO) or (DD) properties, but we note that many familiar separation properties satisfy all those conditions. Examples are:
T0; T1; T2; regular; completely regular; Tychonoff; has a clopen basis; every two points are separated by a clopen partition.
Further, the intersection of (any family of) chain-closed properties is another such property; and similarly for the other
properties deﬁned in Deﬁnition 1.7.
For additional input the interested reader might consult [15, 1.5.8].
Because of its unavoidable prominence in what follows, we record explicitly some facts about quasi-regularity. Items (c)
and (d), though not logically necessary for us, help to ﬁx our understanding of the limitations on the power of the tech-
niques we develop; the argument given in the proof of Theorem 1.11(d) follows closely suggestions from the referee.
Theorem 1.11. (a) Quasi-regularity is open-hereditary and dense-hereditary;
(b) Quasi-regularity is a chain-closed, ⊕-closed property;
(c) Quasi-regularity is a (DD) property;
(d) Quasi-regularity is not a (CO) property;
(e) Quasi-regularity is not a closed-hereditary property.
Proof. Statements (a) and (b) are immediate from the relevant deﬁnitions, and (c) follows from Lemma 1.8(b).
(d) Let Y = (Y ,T ) be a Hausdorff space without isolated points which is not quasi-regular (the existence of such a
space is immediate from Theorem 3.2, whose proof does not depend on the present theorem), and deﬁne X := Y × {0,1}
with the topology V deﬁned by these conditions: each singleton {(y,0)} is clopen in (X,V), and for each y ∈ U ∈ T the
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closed subspace A := Y × {1} of (X,V) and W := 〈V ∪ {A, X\A}〉 the space (X,W) is not quasi-regular since it contains
(a homeomorph of) the non-quasi-regular space (Y ,T ) as a clopen subspace. Thus quasi-regularity is not a (CO) prop-
erty.
(e) follows from (a), (b), (c) and Lemma 1.8(a). 
Discussion 1.12. With the necessary preliminaries behind us, we now address the proper topic of this paper—the search for
exactly n-resolvable expansions. This divides naturally and necessarily into two sections: When the hypothesized topological
space is ω-resolvable (“The Inﬁnite Case”), and when it is not (“The Finite Case”). We treat these cases in Sections 2 and 3,
respectively.
2. The inﬁnite case
We will use frequently the following statement, given by Illanes [21, Lemma 2].
Lemma 2.1. Let 0 < n < ω. A space which is the union of n-many open-hereditarily irresolvable subspaces is not (n + 1)-resolvable.
Lemma 2.2. Let 1 < n < ω and let (X,T ) be an ω-resolvable space. Then there exist an expansion T ′ of T , a nonempty set U ∈ T ,
and a T ′-dense partition {D j : j < n} ∪ {E j : j < n} of X such that each (U ∩ D j,T ′) is hereditarily irresolvable.
If in addition (X,T ) ∈ P with P a C(DD) property, then T ′ may be chosen so that (X,T ′) ∈ P.
Proof. By transﬁnite induction we will deﬁne an (eventually constant) family {Tη: η < (2|X |)+} of topologies on X .
The initial sequence {Tk: k < ω} requires special attention. Recall that the set ω admits a sequence I j = {I0j , I1j } ( j < ω)
of two-cell partitions with the property that for each F ∈ [ω]<ω and f ∈ {0,1}F one has |⋂ j∈F I f ( j)j | = ω. (A quick way
to see that is to identify ω with a countable dense subset D of the space {0,1}ω and to set I ij := D ∩ π−1j ({i}) for j < ω,
i ∈ {0,1}.) Let {S(m): m < ω} witness the ω-resolvability of (X,T ) and for j < ω, i ∈ {0,1} deﬁne
Aij :=
⋃{
S(m):m ∈ I ij
}
.
Now deﬁne T0 := T and
Tk :=
〈T0 ∪ {A00, A10}∪ · · · ∪ {A0k−1, A1k−1}〉 for 1 k < ω.
Each space (X,Tk) is resolvable (in fact, ω-resolvable) since for F = {0,1, . . . ,k − 1} and f ∈ {0,1}F we have
|⋂ j∈F I f ( j)j | = ω so inﬁnitely many m satisfy S(m) ⊆⋂ j∈F A f ( j)j ; each such S(m) meets each nonempty U ∈ T = T0.
Continuing the construction, we deﬁne the topologies Tη for ω η < (2|X |)+ .
For limit ordinals η, we set Tη := 〈⋃ξ<η Tξ 〉.
For successor ordinals η + 1 we have two cases: If (X,Tη) is resolvable we choose a dense partition {A0η, A1η} of (X,Tη)
and we set Tη+1 := 〈Tη ∪ {A0η, A1η}〉, and if (X,Tη) is irresolvable we set Tη+1 := Tη .
The deﬁnitions of the topologies Tη are complete. Routine arguments show that each space (X,Tη) is crowded, and
Deﬁnition 1.7((a) and (d)) shows for each property P of type C(DD) that each space (X,Tη) has P if the initial space (X,T )
has P.
Now for notational simplicity let λ be the least ordinal such that Tλ = Tλ+1 (necessarily with λ < (2|X |)+ since for η < λ
we have A0η ∈ Tη+1\Tη). Then λω according to our deﬁnition of {Tk: k < ω}.
Let R be the κ-resolvable hull of (X,T ), and set W := X\R . From Lemma 1.4 we have that W ∈ Tλ , (W ,Tλ) is hereditar-
ily irresolvable, and W = ∅ since (X,Tλ) is irresolvable. We ﬁx a nonempty Tλ-basic subset U ∩ H of W ; here U ∈ T = T0
and H =⋂η∈F A f (η)η for some F ∈ [λ + 1]<ω , f ∈ {0,1}F .
Now let 1 < n < ω as hypothesized, choose G = {η j : j < n} ∈ [λ + 1]n such that G ∩ F = ∅, and let {g j : j < n} be a set of
n-many distinct functions from G to {0,1}. For j < n set H j :=⋂η∈G Ag j(η)η and deﬁne
D j := H j ∩ H for j < n,
E j := H j\H for 1 j < n, and
E0 := [H0\H] ∪
[
X
∖(⋃
j<n
D j ∪
⋃
1 j<n
E j
)]
.
The sets H and H j ( j < n) are Tλ-clopen, so each D j and E j ( j < n) is Tλ-clopen.
W.W. Comfort, W. Hu / Topology and its Applications 159 (2012) 3319–3326 3323We deﬁne
T ′ := 〈T ∪ {Aiη: i ∈ {0,1}, η λ, η /∈ F ∪ G}〉,
and we note that (X,T ′) ∈ P for each C(B) property P such that (X,T ) ∈ P.
A typical basic open subset of T ′ has the form U ′ ∩ H ′ with U ′ ∈ T = T0 and H ′ = ⋂η∈F ′ A f ′(η)η with F ′ ∈ [λ + 1]<ω ,
F ′ ∩ (F ∪ G) = ∅ and f ′ ∈ {0,1}F ′ ; hence the sets D j , E j ( j < n) are dense in (X,T ′). It is clear further that {D j : j < n} ∪
{E j : j < n} is a partition of X . It remains then to show that each space (U ∩ D j,T ′) ( j < n) is hereditarily irresolvable. It is
apparent that each set open in (U ∩ D j,Tλ) is already open in (U ∩ D j,T ′), so (U ∩ D j,T ′) = (U ∩ D j,Tλ) and it suﬃces
to show that each set (U ∩ D j,Tλ) is hereditarily irresolvable. That is clear, since U ∩ D j ⊆ U ∩ H ⊆ W and (W ,Tλ) is
hereditarily irresolvable. 
We use the following lemma only in the case κ = n < ω, but we give the general statement and proof since these require
no additional effort.
Lemma 2.3. Let κ > 1 be a (possibly ﬁnite) cardinal and let (X,T ′) be a space with a dense partition {Dη: η < κ} ∪ {Eη: η < κ}.
Then there is an expansion T ′′ of T ′ such that
(a) A :=⋃{Dη: η < κ} ∈ T ′′; and
(b) each set Dη ∪ Eη is dense in (X,T ′′).
If in addition (X,T ′) ∈ P with P a (DD) property, then T ′′ may be chosen so that (X,T ′′) ∈ P.
Proof. Deﬁne T ′′ := 〈T ′ ∪ {A, X\A}〉.
Clearly A ∈ T ′′ , so (a) holds.
For each nonempty basic set V ∈ T ′′ there is nonempty U ∈ T ′ such that V ⊇ U ∩ A or V ⊇ (U ∩ (X\A)). Each such set
U ∩ A meets each set Dη , and each such set U ∩ (X\A) meets each set Eη , so (b) also holds.
The ﬁnal statement of the theorem is clear, since {A, X\A} is a dense–dense partition of (X,T ′). 
Theorem 2.4. Let 1 < n < ω and let (X,T ) be an ω-resolvable space. Then there is an expansion U of T such that (X,U) is exactly
n-resolvable.
If in addition (X,T ) ∈ P with P a C(DD) property, then U may be chosen so that (X,U) ∈ P.
Proof. Let T ′ ⊇ T , U ∈ T , and {D j : j < n}∪{E j : j < n} be as given by Lemma 2.2. Then by Lemma 2.3 there is an expansion
T ′′ of T ′ such that
∅ = W := U ∩
(⋃
j<n
{D j: j < n}
)
∈ T ′′
and each set D j ∪ E j is dense in (X,T ′′).
We deﬁne U := T ′′ . As indicated in the statements of Lemmas 2.2 and 2.3, we have (X,U) ∈ P if (X,T ) ∈ P.
The family {D j ∪ E j : j < n} is a dense partition of (X,T ′′) = (X,U), so (X,U) is n-resolvable. We have W ∩ D j =
U ∩ D j = ∅ and (U ∩ D j,T ′) is hereditarily irresolvable, so (since U ⊇ T ′) the space (W ∩ D j,U) is hereditarily irresolvable.
The relation W = ⋃ j<n(W ∩ D j) expresses W as the union of n-many open-hereditarily irresolvable (even, hereditarily
irresolvable) U -dense subspaces, so from Lemma 2.1 we have that (W ,U) is not (n + 1)-resolvable. Then surely, since
∅ = W ∈ U , the space (X,U) is not (n + 1)-resolvable. 
3. The ﬁnite case
We have shown for 1 < n < ω that each ω-resolvable space admits an exactly n-resolvable expansion. That result leaves
unresolved the following two questions: (a) Does every n-resolvable (ω-irresolvable) space admit an exactly n-resolvable
expansion? (b) If not, which n-resolvable spaces do admit such an expansion? In this section we address those questions,
as follows. First, we show in Theorem 3.2 that every (n + 1)-resolvable, ω-irresolvable space admits an exactly n-resolvable
expansion which is not quasi-regular. Next, we give in Lemma 3.6 a set of conditions suﬃcient to ensure that a given
n-resolvable space admits no exactly n-resolvable quasi-regular expansion. Then, leaning heavily on an example given by
Juhász, Soukup and Szentmiklóssy [22], we show in Theorem 3.7 that for every n > 1 there do exist (many) Tychonoff
spaces satisfying the hypotheses of Lemma 3.6; thus, not every n-resolvable Tychonoff space admits an exactly n-resolvable
quasi-regular expansion. Finally in Theorem 3.9, sharpening the results given, we characterize internally those n-resolvable
regular spaces which do admit an exactly n-resolvable quasi-regular expansion; and we show, much as in the ω-resolvable
case treated in Section 2, that for many properties P the expansion may be chosen in P if the initial space was in P.
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alization of Theorem 3.1 to (arbitrary) inﬁnite cardinals of countable coﬁnality, not needed here, was given by Bhaskara
Rao [1].
Theorem 3.1. A space which is n-resolvable for each integer n < ω is ω-resolvable.
Theorem 3.2. Let 1 < n < ω. Every (n + 1)-resolvable, ω-irresolvable space admits an exactly n-resolvable expansion (X,U) which
is not quasi-regular.
Proof. It suﬃces to prove that there is nonempty U ∈ T such that (X\U ,T ) is n-resolvable and (U ,T ) admits an exactly
n-resolvable non-quasi-regular expansion. For if U ′ is such a topology on U then U := 〈T ∪ U ′ ∪ {U , X\U }〉 is as required
for X . (Note for clarity: In the notation of Deﬁnition 1.7(b) we have (X,U) = (U ,U ′) ⊕ (X\U ,T ).)
Since (X,T ) is not ω-resolvable, by Theorem 3.1 there is m such that n <m < ω and (X,T ) is exactly m-resolvable. Let
R be the (m + 1)-resolvable hull of (X,T ). Then (R,T ) is closed in (X,T ) and n-resolvable (even (m + 1)-resolvable, by
Lemma 1.4), and with U := X\R we have ∅ = U ∈ T . For clarity, we denote by T ′ the trace of T on U . By the previous
paragraph it suﬃces to ﬁnd an exactly n-resolvable, non-quasi-regular expansion U ′ of T ′ on U .
Let {Di : i <m} be a dense partition of (U ,T ′). Then for i <m the resolvable hull Ri of (Di,T ′) is closed in (Di,T ′), and
(Ri,T ′) is resolvable. We claim for i <m that
Ri is nowhere dense in
(
Di,T ′
)
. (1)
Indeed if for some i <m there is nonempty V ∈ T ′ such that V ∩ Di ⊆ Ri then (since (Ri,T ′) is resolvable and U ∩ Ri is
open in (Ri,T ′)) the set V ∩ Ri = V ∩ Di is resolvable. Then V =
⋃
i<m(V ∩ Di) would be (m + 1)-resolvable, contrary to
the fact that (U ,T ) = (U ,T ′) is hereditarily (m + 1)-irresolvable. Thus (1) is proved.
It follows that the set R(U ) :=⋃i<m Ri is nowhere dense in (U ,T ′). For i <m we write
Ei := Di\R(U )(U ,T ′).
Then each set Ei is dense in (U ,T ′), each space (Ei,T ′) is hereditarily irresolvable, and U = (⋃i<m Ei) ∪ R(U )(U ,T ′) .
Now set E := ⋃{Ei : i < n} and U ′ := 〈T ′ ∪ {E}〉. As the union of n-many hereditarily irresolvable subsets, the space
(E,T ′) is not (n+ 1)-resolvable (by Lemma 2.1), hence is exactly n-resolvable. Then since E is open in (U ,T ′), also (U ,T ′)
is exactly n-resolvable.
To see that (U ,U ′) is not quasi-regular, let ∅ = V ∈ U ′ with V ⊆ E ∈ U ′ . There is W ∈ T ′ (with W ⊆ U ) such that
V = W ∩ E , and using (E,U ′) = (E,T ′) we have
V (U ,U
′) = W ∩ E(U ,U ′) = W (U ,U ′) = W ∩ E(U ,T ′) = W (U ,T ′) ⊇ W ∩ En = ∅,
so V (U ,U ′) ⊆ E fails. 
Combining parts of Theorems 2.4 and 3.2, we have the following statement (noted in our Abstract).
Corollary 3.3. Every n-resolvable space admits an exactly n-resolvable expansion.
Despite the power and the simplicity of Corollary 3.3, we shall see that well-behaved n-resolvable spaces may fail to
admit an equally well-behaved exactly n-resolvable expansion. To this end, we continue ﬁrst with a lemma which is a
routine strengthening of Theorem 2.4.
Lemma 3.4. Let 1 < n < ω and let (X,T ) be an n-resolvable space with a nonempty ω-resolvable subspace. Then there is an expan-
sion U of T such that (X,U) is exactly n-resolvable.
If in addition (X,T ) ∈ P with P a closed-hereditary, C⊕(DD) property, then U may be chosen so that (X,U) ∈ P.
Proof. Let A ⊆ X have the property that (A,T ) is ω-resolvable. Replacing A by A(X,T ) if necessary, we assume that A is
T -closed in X ; then (A,T ) ∈ P. By Theorem 2.4 there is a topology W on A such that (X,W) ∈ P, W expands (the
trace of) T on A, and (A,W) is exactly n-resolvable. Both A and X\A are clopen in the topology U := 〈T ∪ W〉; here
(X,U) = (A,W) ⊕ (X\A,U). Since (X\A,U) = (X\A,T ) is n-resolvable and (A,U) = (A,W) is exactly n-resolvable, the
space (X,U) is exactly n-resolvable. And (X,U) ∈ P since property P is ⊕-closed. 
Deﬁnition 3.5. For κ a cardinal, a space (X,T ) is κ-maximal if no nonempty subspace of X is both nowhere dense and
κ-resolvable.
Lemma 3.6. Let 1 < n < ω and let (X,T ) be an n-maximal, (n + 1)-resolvable space which is open-hereditarily (2n)-irresolvable.
Then (X,T ) admits no exactly n-resolvable quasi-regular expansion.
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Since (X,U) is not (n + 1)-resolvable, there is j < n + 1 such that D j is not dense in (X,U), so there is nonempty V ∈ U
such that D j ∩ V = ∅. Since (X,U) is quasi-regular, there is W ∈ U such that ∅ = W (X,U) ⊆ V .
The space (W ,U) is n-resolvable, so also (W ,T ) is n-resolvable. Since (X,T ) is n-maximal, W is not nowhere dense
in (X,T ); so there is nonempty U ∈ T such that U ⊆ W (X,T ) . Then with W0 := W ∩ U ∈ U we have that W0 is dense in
(U ,T ), and then with W1 := U\W0(X,U) ∈ U we have D j ∩ U = D j ∩ W1 (since D j ∩ W0(X,U) ⊆ D j ∩ V = ∅), so W1 also is
dense in (U ,T ). We have then that (W0,T ) and (W1,T ) are n-resolvable, dense subspaces of (U ,T ) with W0 ∩ W1 = ∅,
so (U ,T ) is (2n)-resolvable (with U ∈ T ). This contradiction completes the proof. 
The following argument shows as promised that, for every integer n > 1, Tychonoff spaces satisfying the conditions of
Lemma 3.6 exist in profusion.
Theorem 3.7. Let 1 < n < ω and let κ ω. Then there is an n-maximal, (n+1)-resolvable, hereditarily (n+2)-irresolvable Tychonoff
space (X,T ) such that |X | = κ ; such (X,T ) admits no exactly n-resolvable quasi-regular expansion.
Proof. According to [22, 4.6] there is a family {Di : i < n+1} of pairwise disjoint dense subspaces of the space {0,1}2κ , with
each |Di | = κ and with each Di submaximal in the sense that each of its dense subspaces is open, with the property that
the space X :=⋃i<n+1 Di is hereditarily (n + 2)-irresolvable.
Clearly X = (X,T ) is (n + 1)-resolvable. We show that (X,T ) is (not only n-maximal but even) 2-maximal. To see that,
let A be nowhere dense in (X,T ). Then A ∩ Di is nowhere dense in (Di,T ) for each i < n+ 1, hence is hereditarily closed,
hence is (hereditarily) discrete. The relation A =⋃i<n+1(A ∩ Di) expresses A as the union of ﬁnitely many discrete sets, so
(since (X,T ) is a T1-space) the space (A,T ) is not crowded and hence is not 2-resolvable.
From 1 < n follows n + 2  2n, so (X,T ) is hereditarily (2n)-irresolvable. The ﬁnal statement then follows from
Lemma 3.6. 
We conclude with Theorems 3.8 and 3.9. The latter gives explicitly the promised internal characterization of those n-
resolvable regular spaces which admit an exactly n-resolvable quasi-regular expansion.
Theorem 3.8. Let 1 < n < ω and let (X,T ) be an (n + 1)-resolvable space. Then
(a) if (X,T ) is both n-maximal and hereditarily (2n)-irresolvable, then it admits no exactly n-resolvable quasi-regular expansion;
and
(b) if (X,T ) is not both n-maximal and hereditarily (2n)-irresolvable, then it admits an exactly n-resolvable expansion; if in addition
(X,T ) ∈ P with P a hereditary C⊕ property, then the expansion U of T may be chosen so that (X,U) ∈ P.
Proof. (a) is a restatement of Lemma 3.6.
(b) Let {Di : i < n} be a dense partition of (X,T ) and let (A,T ) be a subspace of (X,T ) such that either (i) (A,T ) is
n-resolvable and nowhere dense in (X,T ), or (ii) (A,T ) is (2n)-resolvable. Replacing A by A(X,T ) if necessary, we assume
that A is T -closed in X . If (A,T ) is ω-resolvable the desired conclusion is given by Lemma 3.4, so we assume that (A,T )
is not ω-resolvable; then by Lemma 3.1 there is m such that n <m < ω and (A,T ) is exactly m-resolvable. Let {Ei : i <m}
witness that fact, and set E :=⋃i<n Ei . We claim
If U is an expansion of T in which E is U-clopen, then (X,U) is not (n + 1)-resolvable. (2)
Indeed, if (X,U) is (n + 1)-resolvable then its clopen subset (E,U) admits a dense partition of the form {F j : j < n + 1};
then {F j : j < n + 1} ∪ {Ei : n  i <m} would be a dense (m + 1)-partition of (A,T ), contrary to the fact that (A,T ) is not
(m + 1)-resolvable. Thus (2) is proved.
Suppose now that (A,T ) is nowhere dense in (X,T ), as in (i), and set U := 〈T ∪ {E, X\E}〉. Each nonempty set U ∈ U
meets either E or X\E , hence (since int(X,T ) A = ∅) meets either E or X\A; hence U meets each set Di (i < n) or each
set Ei (i < n), so {Di ∪ Ei : i < n} witnesses the fact that (X,U) is n-resolvable. It then follows from (2), since E is U -clopen,
that (X,U) is exactly n-resolvable.
As before we have (up to homeomorphism)
(X,U) = (E,U) ⊕ (X\E,U) = (E,T ) ⊕ (X\E,T ),
now with (E,T ) ∈ P and (X\E,T ) ∈ P since P is hereditary, so (X,U) ∈ P in this case.
Suppose that (A,T ) is (2n)-resolvable, as in (ii), set U := 〈T ∪ {X\A, E, A\E}〉, and let ∅ = U ∈ U . Clearly U meets either
X\A or E or A\E . It follows, since (X\A,U) = (X\A,T ) and (E,U) = (E,T ) and (A\E,U) = (A\E,T ), that U meets either
each set Di (i < n) or each set Ei (i < n) or each set En+i (i < n). Thus {Di ∪ Ei ∪ En+i : i < n} witnesses the fact that (X,U)
is n-resolvable. It then follows from (2) that (X,U) is exactly n-resolvable.
Again as before for P as hypothesized we have (X,U) ∈ P if (X,T ) ∈ P. 
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regularity is a hereditary C⊕ property.
Theorem 3.9. Let 1 < n < ω and let (X,T ) be an n-resolvable regular space. Then these conditions are equivalent:
(a) (X,T ) admits an exactly n-resolvable regular expansion;
(b) (X,T ) admits an exactly n-resolvable quasi-regular expansion;
(c) either
(i) (X,T ) is exactly n-resolvable; or
(ii) (X,T ) is not n-maximal; or
(iii) (X,T ) is not hereditarily (2n)-irresolvable.
If in addition these conditions are satisﬁed and (X,T ) ∈ P with P a hereditary, C⊕ property, then the exactly n-resolvable
(quasi-)regular expansion U of T may be chosen so that (X,U) ∈ P.
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